Review of integration methods (so far) 


What techniques have we seen so far to evaluate definite and indefinite integrals? 


e Direct integration (know/memarize common formulas) > dy_ = VREA + と 
e Substitution, or u-subs へ J 
* Integration by parts, or IBP. ( San f dx ı À Cosbòdix 
e Powers and products of trig functions ic. ej dee F >s: a 
e Trigonometric substitutions, or trig subs < o ale (1- ces bx) 
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Other topics we covered: SAN NA = 2 San (x` Co “(x` 


Riemann sums, FTC, areas between curves, L'Hopital's rule, and improper integrals 


Hints and suggestions 


e Practice picking out the relevant methods of integration on 
the review sheet (bring to class neXt lecture for Q/A © 


e When in doubt, try using a u-sub first to simplify the integral 


e You may need to combine multiple techniques we have seen, 
for example, a u-sub followed by IBP and then a term that 


involves partial fractions (see Example R.3 in the next slides) 


e Review key components of each method to study 


Method of substitution (u-subs) 


This method is the reverse of the chain rule 
for derivatives: 7 E'de FK 


Let F be an antiderivative of f. Letu = g(x) 
[LEO g'G0dx = |[f(wdu=FW+C = Flgaay+ C 


ハー テク の の)」 da= MALE 


In other words : 


| f (stuff ) (stuff Y dx = F(stuff ) + C 


Substitution with Definite Integrals 


To evaluate | f(g(x))g'(x)dx, 


set u = g(x) and change the limits Au [Le ex le? 


of integration to match the new variable: zir IRE 
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Evaluate the following integral: ic M )dz ds 
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Evaluate the following integral: | 
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When to Use Partial Fractions: ) ii 


Polro—elk 
Use the method of partial fractions to evaluate the integral of a rational 
function when: 


e The degree of the numerator is less than that of the denominator. 


* The denominator can be completely factored into linear and/or 
irreducible quadratics 
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Partial Fractions Procedure: PLA —2X +x +Z 
VA =2(x*412~« +) \ 
1. If the leading coefficient of the denominator is not a “1”, factor it 
out. 


2. Ifthe degree of the numerator is greater than that of the 
denominator, carry out long division first. (see C TAS 


irredudi 
3. Factor the denominator completely into linear Rya irreducible 
quadratic terms. 


Partial Fractions Procedure: 


4. For each linear term of the form (x—a)', you will 
have k partial fractions of the form: 


Partial Fractions Procedure: 


m 


5. For each irreducible quadratic term of the form (x^ +bx+c)”, 
you will have m partial fractions of the form: 
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(x? + bx +c) (x? + bx +c) ê (x? +Þx+c)” 


Partial Fractions Procedure: 


6. Solve for all the constants A; and B;. To solve: 
e Multiply everything by the common denominator. 


* Combine all like terms, then solve equations for all the A; and B; terms; OR 
plug in values to find equations for A; and B; terms. 


7. Integrate using all the integration methods we have learned. 


Example R.2 KTE cos(2t) m 
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Which integration method to invoke? (Explain) JÉ — 
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Evaluate the following integral: 
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Integration by Parts - Summary 


Integration by parts comes from the product rule 
for differentiation. 


“Ton a な ) 


1 / M | + Differentiate u to obtain du. 
yz ol t Le ol le Find v by taking an antiderivative of dv. 


jé V Fom (Fa) Za: fa => 


af 


A = yo f. 


Example R.3 エン 


Evaluate the following integral: 


Which integration method to invoke? (Explain) Ton 」 ù 
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Antiderivatives of powers and products of trig functions 


| (“)sin” x+cos” x=1 tan” x + 1 = sec" x 
(*)l+ tan” x = sec” x 1 + cot? x = csc x 


(*)sin? x = sl —cos(2x)| 
(“)cos” x = >| + cos(2x)| 
(*)sin(2x) = 2sin xcos x 
lips ; 
sin x cos y == [sin(x- y) + sin(x + y)] n ime 


; ; l 
sin xsin y = —|cos(x — y)—cos(x + y) 


What to expect with powers / products of trig functions: 
For integrals of the form Apply other identities for integrals of the form 

/ cos" (a) sin" (x)dzx zi cos(ax) cos(bx)dx 
OR 


/ tan" (x) sec" (z)dx E sin(ax) sin(br)dz 


we need to apply appropriate trig 

identities from the last slide to handle Jan s(ax) sin(bz)da 
respective separate cases of n and m 

even or odd. 


Example R.5 i 
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Evaluate the following integral: エッ ， sin^(zz)cos"(zx)dz (Sketch solution) 


Which integration method to invoke? (Explain) 
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Trigonometric Substitutions (trig subs) 


We use a trig substitution when no other 
integration method will work, and when the 
integral contains one of these types of terms: 
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Trig subs - Form 1: 
When nem contains a term of the form 
d =X, Jar 
use the substitution: 
x=asin@ ss Pd 
TA Bi 
dx - o. cos de uli 
p "CA Z 
asa = olle) C^ - Ces (AN 


Trig subs - Form 2: 


When the integral contains a term of the form 
2 2 
a +x", 
use the substitution: 


dx- =D: Sec 2de 


Kr = = ACA 


Trig subs - Form 3: 


When the integral contains a term of the form 
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Example R.6 ーー 
Evaluate the following integral: | 25 + dr = [_ 


Which integration method to invoke? (Explain) 
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Improper integrals 
A definite integral is improper if: 


e The function has a vertical asymptote at x=a, x=b, Or at some point c 
in the interval (a, b). 


* One or both of the limits of integration are infinite (positive or 
negative infinity). 


Convergence of an Integral 


* |f an improper integral evaluates to a finite number, we say it 
converges. 


e |f the integral evaluates to tee or to, eo- eo, we say the integral 
diverges. 


Case 1: At Least One Infinite Limit 


Redefine the integral into one of the following. 
00 b 
O| fax = lim | f God 


(ii) | dx = lim [fas 


00 0 00 7 。 L 
(iii) | f (x)dx = | f dx + | f(x)dx = KANA C DAV 
_ ^s 0 ATD 


and now use parts (i) and (ii). bd ^ 
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Case 2: f(c) oe THOSE TTA b 


* Case 2 occurs when f has a vertical asymptote on the interval 
[a,b]. 


e Redefine the ezen into one of the AA 
(i) If ra then: | f (x)dx = lim | f(x)dx 
yo ` 
(ii) If f(b) DE, th then: | f (Wdr = lim a f(x)dx 


i1 If f (c) dics wherea « c « b, then : 


| ff (x)dx = | f (x)dx * | f(x)dx = di NN 


Example R.7 = 1 
Evaluate the following —TÜ L (: T 3 sec (mx) + an(rz) dr =T 


Which integration method to invoke? (Explain) 
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Let's open things up for general questions 
and specific questions on the review sheet? 
(List and enumerate problems) ( rey aew ot Tle FIC 
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